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Introduction

Motivation

Why doesn’t my code work ?
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What are Floating Point Numbers

What are Floating Point Numbers
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What are Floating Point Numbers

Floating Point numbers ?

Computer representation for real
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Floating Point numbers ?

Computer representation for real
numbers
≈ scientific representation
(−1)S ×2E +1.F
S, E , F are stored in binary, in a
finite format.
For floats :
wS = 1,wE = 8,wF = 23
Avoid numbers being flushed to 0
abruptly : gradual underflow.
Guarantees if x ̸= y then x −y ̸= 0
and other useful properties.
Those numbers are called subnormal
and have less precision than wF .
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Floating Point numbers ?

Computer representation for real
numbers
≈ scientific representation
(−1)S ×2E +1.F
S, E , F are stored in binary, in a
finite format.
For floats :
wS = 1,wE = 8,wF = 23
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What are Floating Point Numbers

MPFR : Floating Point numbers with arbitrary precision

C library that allow wE = 32 and wF of arbitrary size.
In my demos, comparing precision will be done with MPFR as the reference.
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Examples

Examples

O. Desrentes Numerical error in Floating Point 6 . 1 / 14



Examples Range issues

Range issues : ex+y ̸= ex ×ey

The biggest positive floating point number is ≃ 3.41038

The smallest positive floating point number is ≃ 1.7×10−45

If your computation comes out of this range, anything can happen.

• Overflow issues : e600 ×e−600 =+∞×0 = NaN while
e600−600 = e0 = 1

• Underflow issues : e40 ×e−130 = 2.35×1017 ×0 = 0 while
e40−130 = e−90 ≃ 8.19×10−40

• Underflow issues (hard to debug version) :
e−102 ×e75 = 2.092554×10−12 while
e−102+75 = e−27 ≃ 1.879529×10−12 (11% error !!)
This one is due to a floating point quirk : gradual underflow.
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Examples Representation Issues

Representation issues : counting time by 100ms increments

Know as the Patriot bug (28 dead)
0.1 cannot be represented exactly in binary
In floating point 32, it is stored as 2−4 ×1.10011001100110011001101
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Examples Representation Issues

Representation issues : counting time by 100ms increments

Know as the Patriot bug (28 dead)
0.1 cannot be represented exactly in binary
In floating point 32, it is stored as 2−4 ×1.10011001100110011001101

10101.00000000

− 1010

001100

− 1010

0.00011001

0010000

− 1010

0110

. . .
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Examples Rounding issues

Rounding issues : For loop with floating point

What happens when you execute this :

f o r ( f l o a t i = 0 . 0 ; i <16777217 .0 ; i +=1 .0 ) {
i f ( i >= 16777215 | | ( i n t ) i % 1000000 == 0) {

p r i n t f ("%2.1 f " , i ) ;
}

}
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Examples Rounding issues

Rounding issues : For loop with floating point

What happens when you execute this :

f o r ( f l o a t i = 0 . 0 ; i <16777217 .0 ; i +=1 .0 ) {
i f ( i >= 16777215 | | ( i n t ) i % 1000000 == 0) {

p r i n t f ("%2.1 f " , i ) ;
}

}

When i is too big, i +1.0 = i
Numerical example in decimal, with 3 digits precision :
1.23×103 +1.00×100 = 1230+1 = 1.23×103

because 1231 is closer to 1230 than 1240
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Examples Cancellation issues

Cancellation issues : Heron’s formula for the area of a
triangle

For a triangle with sides of size a,b,c, you can compute the area of the triangle
with Heron’s formula :

s =
a+b+c

2

A =
√

s(s−a)(s−b)(s−c)

This is numerically unstable. Kahan’s [1] version of this formula, for a ≥ b ≥ c
is :

A =
1
4

√
(a+(b+c))(c− (a−b))(c+(a−b))(a+(b−c))
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 100000
• b = 50024
• c = 50000
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0000×105+5.0024×104+5.0000×104

2
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.5002×105+5.0000×104

2
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 2.0002×105

2
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0001×105

O. Desrentes Numerical error in Floating Point 11 . 7 / 14



Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0001×105

A =
√

s(s−a)(s−b)(s−c)
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0001×105

A =
√

s(s−a)(s−b)(1.0001×105 −5.0000×104)
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0001×105

A =
√

s(s−a)(s−b)(5.0010×104)
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0001×105

A =
√

s(s−a)(1.0001×105 −5.0024×104)(5.0010×104)
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0001×105

A =
√

s(s−a)(4.9986×104)(5.0010×104)
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0001×105

A =
√

s(1.0001×105 −1.0000×105)(4.9986×104)(5.0010×104)
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0001×105

A =
√

s(1.0000×101)(4.9986×104)(5.0010×104)
In the exact computation s−a = 100012−100000 = 12 ̸= 10.
This is a huge relative error even if the absolute error shouldn’t be too bad . . .
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0001×105

A =
√

(1.0001×105)(1.0000×101)(4.9986×104)(5.0010×104)
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0001×105

A =
√

(1.0001×106)(4.9986×104)(5.0010×104)
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0001×105

A =
√

(1.0001×106)(4.9986×104)(5.0010×104)
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0001×105

A =
√

(4.9991×1010)(5.0010×104)
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0001×105

A =
√

2.5000×1015
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0001×105

A = 5.0000×107
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

s = 1.0001×105

A = 5.0000×107

A = 1
4

√
(a+(b+c))(c− (a−b))(c+(a−b))(a+(b−c))
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

b+c = 5.0024×104 +5.0000×104 = 1.0002×105

s = 1.0001×105

A = 5.0000×107

A =
1
4

√
(a+1.0002×105)(c− (a−b))(c+(a−b))(a+(b−c))
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

b+c = 5.0024×104 +5.0000×104 = 1.0002×105

s = 1.0001×105

A = 5.0000×107

A =
1
4

√
(1.0000×105 +1.0002×105)(c− (a−b))(c+(a−b))(a+(b−c))
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

b+c = 5.0024×104 +5.0000×104 = 1.0002×105

s = 1.0001×105

A = 5.0000×107

A =
1
4

√
(2.0002×105)(c− (a−b))(c+(a−b))(a+(b−c))
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

b+c = 5.0024×104 +5.0000×104 = 1.0002×105

a−b = 1.0000×105 −5.0024×104 = 4.9976×104

s = 1.0001×105

A = 5.0000×107

A =
1
4

√
(2.0002×105)(c−4.9976×104)(c+4.9976×104)(a+(b−c))
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

b+c = 5.0024×104 +5.0000×104 = 1.0002×105

a−b = 1.0000×105 −5.0024×104 = 4.9976×104

s = 1.0001×105

A = 5.0000×107

A =
1
4

√
(2.0002×105)(5.0000×104 −4.9976×104)(c+4.9976×104)(a+(b−c))
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

b+c = 5.0024×104 +5.0000×104 = 1.0002×105

a−b = 1.0000×105 −5.0024×104 = 4.9976×104

s = 1.0001×105

A = 5.0000×107

A =
1
4

√
(2.0002×105)(2.4000×101)(c+4.9976×104)(a+(b−c))
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

b+c = 5.0024×104 +5.0000×104 = 1.0002×105

a−b = 1.0000×105 −5.0024×104 = 4.9976×104

s = 1.0001×105

A = 5.0000×107

A =
1
4

√
(2.0002×105)(2.4000×101)(5.0000×104 +4.9976×104)(a+(b−c))
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

b+c = 5.0024×104 +5.0000×104 = 1.0002×105

a−b = 1.0000×105 −5.0024×104 = 4.9976×104

s = 1.0001×105

A = 5.0000×107

A =
1
4

√
(2.0002×105)(2.4000×101)(9.9976×104)(a+(b−c))
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

b+c = 5.0024×104 +5.0000×104 = 1.0002×105

a−b = 1.0000×105 −5.0024×104 = 4.9976×104

b−c = 5.0024×104 −5.0000×104 = 2.4000×101

s = 1.0001×105

A = 5.0000×107

A =
1
4

√
(2.0002×105)(2.4000×101)(9.9976×104)(a+2.4000×101)
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

b+c = 5.0024×104 +5.0000×104 = 1.0002×105

a−b = 1.0000×105 −5.0024×104 = 4.9976×104

b−c = 5.0024×104 −5.0000×104 = 2.4000×101

s = 1.0001×105

A = 5.0000×107

A =
1
4

√
(2.0002×105)(2.4000×101)(9.9976×104)(1.0000×105 +2.4000×101)
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

b+c = 5.0024×104 +5.0000×104 = 1.0002×105

a−b = 1.0000×105 −5.0024×104 = 4.9976×104

b−c = 5.0024×104 −5.0000×104 = 2.4000×101

s = 1.0001×105

A = 5.0000×107

A = 1
4

√
(2.0002×105)(2.4000×101)(9.9976×104)(1.0002×105)
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

b+c = 5.0024×104 +5.0000×104 = 1.0002×105

a−b = 1.0000×105 −5.0024×104 = 4.9976×104

b−c = 5.0024×104 −5.0000×104 = 2.4000×101

s = 1.0001×105

A = 5.0000×107

A = 1
4

√
(4.8005×106)(9.9976×104)(1.0002×105)
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

b+c = 5.0024×104 +5.0000×104 = 1.0002×105

a−b = 1.0000×105 −5.0024×104 = 4.9976×104

b−c = 5.0024×104 −5.0000×104 = 2.4000×101

s = 1.0001×105

A = 5.0000×107

A = 1
4

√
(4.7993×1011)(1.0002×105)
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Examples Cancellation issues

Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

b+c = 5.0024×104 +5.0000×104 = 1.0002×105

a−b = 1.0000×105 −5.0024×104 = 4.9976×104

b−c = 5.0024×104 −5.0000×104 = 2.4000×101

s = 1.0001×105

A = 5.0000×107

A = 1
4

√
4.8003×1016
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b+c = 5.0024×104 +5.0000×104 = 1.0002×105

a−b = 1.0000×105 −5.0024×104 = 4.9976×104

b−c = 5.0024×104 −5.0000×104 = 2.4000×101

s = 1.0001×105

A = 5.0000×107

A = 1
4 ×2.1910×108
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Numerical example

Let’s use :
• a = 1.0000×105

• b = 5.0024×104

• c = 5.0000×104

b+c = 5.0024×104 +5.0000×104 = 1.0002×105

a−b = 1.0000×105 −5.0024×104 = 4.9976×104

b−c = 5.0024×104 −5.0000×104 = 2.4000×101

s = 1.0001×105

A = 5.0000×107

A = 5.4774×107
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Numerical example - error

First formula gives result 5.0000×107

Second formula gives result 5.4774×107

What is the real value ?

Relative error of formula 1 : 8.7%
Relative error of formula 2 : 2.8×10−3%
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Examples Cancellation issues

Area of a triangle : Why would anyone need this ?

Example picture [2]
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Examples Cancellation issues

Conclusion

• Floating-Point numbers are not associative or distributive.

• Loops are particularly sensitive to errors.
• Compilers (like GCC) assume you know what you’re doing (and will use

the order of operation you gave them)
• If the formula you’re using is bad, there’s a better one to be found.
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Conclusion

• Floating-Point numbers are not associative or distributive.
• Loops are particularly sensitive to errors.
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